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INTRODUCTTON

when the particles in a slurry are either wholly or partly co}loidal in size. say less than 10 microns,the slurry wi.II genera1ly behave as a Bingham plas.tic. For such slurries it should be possible toperform bench scale visconeter tests. The problem then becornes qre of predicting the pipeline
behaviour from the laninar rheological properties. The laninar flow behaviour in any pipe can be
obtained with relative ease but nh€n it ccmes to turbutent flow prediction the situaliqr is not sostraight forward. There have been numerous theories advanced but none is entirely satisfactory.
rndeed as recently as last year Techchandari & shook (1) stated that t'predictian of turbulent pipe
fLow behaviour is not yet an exact 6cience,,.

one theory xrhich has achieved sone prominence is that due to Hanks & Daclia (2) and more recently
Hanks (3). The present paper critically exarnines this theory by comparing it with a range of data.
An unusual aPproach is taken whereby a distincticrr is made betlreen those slurries having all- colloidalsized particles, e.g. clay slurries; and those having both colloida1 sized and coarser partieles,
e.9. coal slurries.

2. T'ULL COLLOIDAT SLURRIES

Early norkers (4, 5, 6,) found that the turbulent flow data were correlated by the Rel,nolds numberindicating that the yield stress had 1itt1e or no influence. More recently ctreng (7) anal vocadlo (g)
reacheil the sarae canclusions. Russian workers apparently agree also {(9), page 16I) anal ((l-0},
page 88). All of the above found that when the plastic viscosity was used in the Re!,nolds number thefrictisr factors pLotted paralrer to but generally belolr the Newtsrian 1ine.

A very conprehensive series of tests were performed by Thornas (11, 12) who found that all of his
data were correlated by the Reynolds numbei but that the frictiqr factor - Relmolds number relationship
had a different slope than the Newtqrian line. This slope depended qr the degree of non-Newtqrian
behaviour as measured by either the yield stress or the plastic viscosity and was increasingJ.y lessnegative than the Newtonian line as the yield stress increased. If data fron any ore pipe size are
assumed to para11el the Newtqrian line this neans in effect that there is an additionat pipe
dianeter effect over and above that due to the Relnolds number. Thonas! correlation also indicatesthat for any given Relnolds number the friction factor falls increasingly below the Newtqrian lineas the yield stress increases. Thus in cqltrast to workers befof,e him Thonas was in effect sayingthat both the yield stress and the pipe diameter were inportant in additicr to the influenee of
Relmolds number.

A cqrvenient method of studying the problem is to plot f,/fx versus p . Here f is the observed frictiqr
factor and f, is the calculateil value if the slurry is assumed to b6have as a Newtqrian fluid of
viscosity equal to the plastic viscosity. Q is the yield stress. Fig. I is such a plot for a range
of data (4, LL, L2, !3t 14, 15, L6, !7t. t6n* numbers beside sone data points indicate pipe dianeters
in nun. Taro things are obvious. Firstly there is a gradual reductiqr ln f/fu as ?c increases in
agreemslt with Thomast (11, 12) cqtclusiqrs. secdtdly a slight pipe diametei eft&t is apparent with
f/f,, increasing as the pipe size increases once again in agreement with Thonas. A study of thispipe ilianeter clependence shows that it is more prorounced at lolrer yield stress values becoming zero
and indeed slightly negative at very high yielal stresses. Industrial slurries very rarely have a yield
"t6-"8F 

greater than 30 Pa. For data below this the increase in f/f.N is roughly proporticral to
D.-'-- but with a wide variatiql in the expqrent between .02 and .fi. Fott,<3o the variatidl of
t/fn1 wLLh yield stress is appro:rimated by the drawr line.

In 197L Hanks & Dadia (2) trxrblished a theory of Bingham plastic flow in which it vras assuned that
the turbulent behaviour depended qr both the Relmolds number anil the Hedstroro number, Ile, given by

I.

He=D2T 2

f 4pt (1)

where D is the pipe diametert j is the density *d?pr is the prastic viscosity.
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More recently Hanks (3) has modified the theory slightly in the'light of
theory indicates that the friction factor almost paral-Ie1s the Newtcnian
below that line depends cn the Hedstrorn number rising closer to it as He
possible to plot his predictedovariatior in f/fN with He. fig. 2 is such
number range from 3000 to Lxl0" which covers the range of aL1 of the data
been replotted m Fig. 2 as f/f, versus He. The numbers beside some data
stress in Pascals.

additional data " This
line but t,hat the position
increases. From (3) it is
a plot for the Reynolds
of F'ig" 1" This data has
poi.n ts in d ic a te yie ld
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Figure 1: Variation of f/fu with yield
stress for colloidal slurries.
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Figure 2: Variation of t/fy with Hedstrom
number for colloida1 slurries.
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It is obvious that Hankst theory describes this data very poorly. The rnain reason for this is due to
the role of the yield stress. ccnsider tests on different slurries in a single pipe size. For
cqrstant pipe diameter He depends atgZy/,rf,1. For any particular co1loida1 slurry this parameter
remains fairly constart for all cqrcentratians and hence yield stress values (it is in fact a
measure of the degree of coagulatio) although it decreases at very Iow values ofTr. Thus as 7y
is progressively decreased He will- at first remain,cqlstant and then also slowly decrease. Hence
at best Hanks' theory predicts a constant value of f/f, as Zy decreases when in fact Fig. I shows
Ehat. f/f1,1 increases. More funclamentally as Q is decreaseal to very low values He decreases and
his theory predicts a J.owering ot t/fn away from the Newtdrian value of I when it would seem more
like1y that it should approach 1 as is shor,en in !'ig. 1.

Next cqrsider data for a particular slurry Qfs //ll1 colstant) in different pipe sizes. In this
case He increases as D increases. Consideration 6f Fig. 2 indicates the data for varying pipe
sizes do in fact. show anoincrease in f/fN as He increases. Hanksr theory predicts such an increase
at least for He below 10". Thus his theory does predict the correct trend as far as pipe diamgter 

"is cotrcemed, although it appel;s to overestimate the effe6tn^ For example, in the^rf,Bge He=l0'to 10'
f/f* lncreases roughly as He"'*", i.e. f/f* increases as D"''", greater than the d"'"" discussed in
relaticn to Fig. L.

Thus it has been seen how for colloidal slurries $anksr theory does not describe the effect of
yield stress but does describe the pipe diameter effect although possibly to an exaggerated degree.
This latter point wiLl be returned to in the following discussion on coarser slurries.

3. COARSER SI,URRI.ES

These slurries are those having crrLy some of the particles colloidal in size with the rest ranging
sonetimes up to mm size. Fig. 3 shows an analagous plot to Fig. 1 for this type of slurry with
the data taken frqn Refs. 13r 14, 18, !9, 20, 2L, 22 e 23. Numbers besicle data points indicate pipe
diameter in mm. Qrce again a general reducticn L\ t/fN as Zy increases is evident. The fuI1 line
allovrs conparison with colLoidal slurries, (Fig. 1). Csrsideration of the data for different pipe
sizesshows that there is less influence of pipe diameter except for the loam alata which show a very
prcrounced effect. Plotting of the data as f/f, versus He (Fig. 4) indicates even more scatter than
occurred with colLoidal slurries (Fig. 2). In this Figure numbers beside data points indicate yiglQ
stress in Pasca1s. Note however that the pipe diameter effect observed with the ]!oan, f/f,y a Du'4
is identical to the Eanks predicticn. An interesting observation is that unlike colloidal slurries
q does not appear to infl,uence this effect but particLe size does. To study this effect more
closely more data is needed but available data for coarse slurries r,rhere the yieLd stress has been
measured is very limited. Fortunately there is an alternative means of studying this without
reguiring a lorowledge of the yield stress. This is as follows. If a particular slurry has been
tested in a number of differsrt pipe sizes a plot of J/Jn versus D will reveal the existence or
otherrrise of a diameter effecEj Here J is the slurry pressure gradient and J,- is the pressure
gradient for water at the sane velocity. If there is no pipe diametdr effectw.r,/.1-- will" be essentially
independent of D but if there is an effect,l,/il... will alter with D. Actua1ly, bec5use of the change
in slope of the frictiqr factor - Relholds numBer plot with increasing Relmolds number, J/aIu h,olld
be expected to show a slight negative_d;ggrdence even for a Nervtonian fluid e.g. for a viscosity of
.030 Pas JF, would vary roughly as D '"'-. On the other hand according to the observatisr of Fig. 3
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Figure 3 : Var iatiqr of f/f* wi th yield
stress for coarser slurrres.

Figure 4 : Var iatiqr of f/f* wi th Heds trorn
number for coarser slurrres.

coarse particle slurries could be expected to show a positiye,flependepcq.on D, e.g. the tr,ro sets ofloam data of Fig. 3 indicate that J/Jie is proporticral to Du.r, and Du."..

There is a Large body of data which can be used in this manner to study this effect. Fig. 5 showssone avaiLable data frqn a range of sources (24, 25, 26, 271 plotted as J/J._, versus D. The slopesof lines dravn through each set of data have been measured and are shown 
'inwrig. 

6 plotted against the
medi.an particle size. ?he sl,ope is seen to be tending below zero fot fine particl.i uut rising upto around +0.20 for coarser s}urries. rt is apparent frdn Eig. 6 that the influence of pipe diameterincreases sharpLy as the rnedian particle size increases frorn JO to foo micrqrs. ?hus, whereas withcolloidal slurries the yierd stress influenced the pipe diameter effect, for these coarser slurriesparticle size appears to be the cantrollipg parameter. Nqre of the published theories of Binghamplastic flow include particle size as a parameter so nqre would be expected to ful1y describe thebehaviour of these slurries.
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Figure 5: Variatiqr of ,/t* with pipe
diameter for coarser slurriEs.

For the coarsest slurries having rnedian particle sizes above 2fl0rmicrcrs,^lhe dependence of f/fnorr
D is much greater than was the case with colloidal slurries (oY'' c.f. o'Yo). nirssian workers areapPar€ntly aware of this str€ng pipe diameter effect since for coal slurries they claim that theeffective viscosity increases directly^with pipe size ((9), page 161, (10). page 170). This would
mean that f/fr1 would vary roughly as D"'o the exponent depending slightly qr ttre neynolds number.This is therefore in agreement with Big. 6. Fig. 6 is an inprovement however since it describesthe transit.iqr as the particle size becqnes finer.

rrcin the above discussicn it is clear that the Hankq theory more correctly describes the pipe
diameternFffect for the coarsest slurries (f/1onou 'z; than for^ejller the full colloidal slurries(f/+4D'--l or for ttre finest partcotloidal siurries lf/+no-"'u''1. Obviously Thomasr (1I, t2)

;iiljl?ery 
will not describe these coarser slurries Eince it correlated orty itita for which

Regarding the effect of yield stress. For co1loida1 slurries it was noted how lhe term pTu /n7,
rernains either cqrstant or decreases as 7-, decreases. such is not the case for .our"", Sf,irififJfor whieh this term tends to increase as -Z;, decreases. ghus f/f,.1 wiLl increase as IIe increases,
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nore in keeping with llankst theory. This can be seen by earsidering the two sets of loam data in
the same pipe size qr Fig. 4. Because of this difference in the rheological behaviour of co1loidal
and coarse slurries which hitherto appears to have been overLooked in the Literature, Ilarksr theory
wi].l tend to describe the effect of yield stress changes for coarse slurries. Ilorrrever as the particle
size is decreased this behaviour of TTta /4i1 as ?, changes tends more towards the colloidal slurry
situaticrr and Hanks' theory fails. 'Tfis 6'an be ieen by ccrsidering the irqr ore data of Ref. lt) qt
Figure 4.

5. ITIE INTTUENCE OF COARSE PARTICLES

Both the change in the behaviour of the tern gTeftl1 and the increased pipe diarneter effect are
obviotrsly somehow caused by the presence oe do#.6t'p.rtic1es. rne renaviour of.yp /rtit is alnost
certainly a reflectiqr of the purely mechanical role of coarse particles in increasing the yiel,al
stress and plastic viscosity of a colloiclal slurry. This has previously been discussed by the
author (Ref. 15) the most obvious effect being the dramatic difference in the variatiqr of yield
stress with ccncentraticn. For fu1I colloidal slurries?y varies roughly as volume concentration
cubed whereas for part coLloidal slurries it can be to the eightth or njnth power. Since both
tlrpes of slurries show a decrease in f/f* wl-lh increasing 7, it is obvious that the Hedstrorn
number is not the correct correlating tc,ol. 'tg is preferable, e.g. Fig5.J. a 3.

?he cause of the pipe diameter effect is not so obvious but it is possible that it is due to a
viscous sub-layer effect dependent dr particle size. Such an effect is general,ly recognized as
occurring with Newtqrian fluids, the behaviour being different depending qr whether the particle
size is smatler or larger than the viscous sub-Iayer - 128, 29, 3Ol. Thomas (13) showed that
this effect also occurred !.rhen the carrier fluid was ncn-Nelrtqrian. In Ref. 30 a graph is given
showing the variation of J/fu (f,or silica sand slurries) with d/5 where 5 is the thickness of the
viscous sub-1ayer giv., bv 

5 =s4/ f v* (2r

v* is the frictiqr velocity.
Frcrn this graph it can be inferred that for the highest concentratifii tested, 308 by volupelr{/{y
varies approximately inverpelg"with drz8. Nolu for a Newtqlian fluid 5 varies roughly as D""' so
'chaLJ/fu should vary as ri"'"'". This is cqrsistent with the increase in this expcnent frorn .08
for colIoidal sLurries (where no d/5 et.t*.t can ocgur) Lo 0.2 for the coarsest slurries. As the
cqrcentratiq! increases Ref (30) indicates a greater dependence qd/5 so that the exponent of D

would be expected to increase $rith cqlcentraticn. This does in fact occur as can be seen from the
coal data (27) of Fis. 5.

That this J/E ettect is feasible is reinforced by the following calculatiqrs. Fig. 6 indicates
the middle of the transitiqr at around 70 nicrqrs particle size. Erom Ref. 30 the middle of the .
transitim liesrat aboutd,/6 =:. This indicat"" 6 = 23 microns. For typical values ofr= 1700 Kg *-'
and v = 0.15ms * equaticn 2 gives 4= .OOLZ Pas i.e. of the same order as the viscosity of water.
The relevart viscosity would be the viscosity, not of the total slurry, but of the colloidaI portion
qr1y. This wouLd often be of similar oriler as that of vrater. ftre cqlcept is therefore feasible.

One further point of interest regardls the transiticn to l-aminar f1ow. For high Iledstrom numbers
Hanksr theory predicts an "extended transitiql regior" with ttre frictiqr factor rising slowly ard
crossing the Nevrtatian line before going into the laminar region. The present author has not
observed this yith coltoidal slurries. For exampLe tests with a kaolin clay (15) shorred that even
at He = 3.9x10b this effect did not occur. Ilovrever the present author has sometimes observed it
with coarser slurries. An intriguing possibility is that this effect is also due to J/6 effects.
It has been shordr (28) that with Newtcnian slurries ttre fricticn factor can exhibit a marked,
grailual rise above the Newtqrian line as the velocity is decreased when the particle size is of
the same order as 5. If ccrrditions rdere such that this effect occurred at velocities just above
Ianinar flow it could be mistaken for an extended transiticn regian.

4. CONCLUSTONS

It has been shorim Ehat for Bingham plastics the turbulent flow behaviourr as measured by f/fr,
depends cn both the yield stress and the pipe diarneter. For both colloidal sized and coarser
slurSipp frlfrl decreases as ?5 increases. For col,loidal slurries f/t* is also roughly prgpgrtional
to D'''o whilst for the coariest slurries (median size above 200 micrqrs) it varies as D"'o. For
intermedliate particle sizes the expqlent ranges beh{e€n +.2 &d zeto. Hanksr theory was shor*n to
roughly predict the correct trends for the coarsest slurries as regards the effect s1 Tg ad D

although with oftsr large absolute errors. Ilowever for progressively finer slurries it rdas shoytn
to increasingly overpredict the effect of D and to predict.the reve.rse trend as regardsTy. This
latler reversal reflects the different behaviour of the tern gQ/\it for the two types of slurries
as the ccncentratiqr is changed which hitherto does not appear to have been noted in the l-iterature.
For coarser slurries it has been postulated that the ratio of particle size to viscous sub-layer
thickness is of import&rce. In any event it appears that to be successful a predicticn nethod nust
include particle size as well as the rheologicaL parameters. Much further work is obviously required
to clarify the situation. In the interim the use of 79 instead of Bedstrqn number to correlate data
appears preferable especially if additicnal alLowance -is then made for the effect of pipe diameter.
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