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A new analysis has been developed for the turbulent flow of non-Newtonian fluids. Based on enhanced viscosityeffects at the small time and length siales oflhe dissipative micro-eddies, the analysis predicts a thickening ofthe viscoussub-layer tending to increase throughput velocity and thus promoting o*! .Ju.tior. The required flow parameters canbe determined directly from rheogrims,-withouiemploying correlatiom u'ur"a on pipe-flow data. The r"lutts giu" gooo

]jfft'riffI 
of flows of fluids with both power-lavi and iingham behavioui and explain a number of peculiarities of

on propose une nouvelle.m6thode d'analyse des 6coulements de fluides non newtoniens. cette analyse est fond6e surI'augmentation de la viscosit6 dans les microtourbillons (6chelle de Kolmogoroul 
"t 

p.r."t de pr6dire un 6paississementde.la sous-couche visqueuse. Il s'ensuit une augmentation de la vitessJ d'6coulement et donc une r6duction de lar6sistance due i la friction' Les paramdtres n6ceisaires d cette-analyse p.ur"rt 6tre directement obtenus d partir desrh6ogrammes, l'utilisation de corr6lations empiriques 6tant rendue inutile. cette m6thode a 6t6 test6e avec des fluidesde type plastique de Bingham-et loi de puissance; elle permet de d6crire avec r6alisme le comportement des fluides ainsique d'expliquer ceftaines de leurs particularit6s.

,|he flow of non-Newtonian fluids is reasonably well_I understood only at low Reynolds numbers _ for
example, in the laminar range it is possible (at least for
tsingham plastics and power-law fluidi) to define an equiv_
alent viscosity which produces the same relationshif be_
tween friction factor and Reynolds number that is found for
Newtonian flow. In the early stages of the study of turbulent
flow of non-Newtonian fluids, it was hoped that an effective
turbulent viscosity could likewise be defined ln srch a way
1s. 

t9 Sive a unique relation between Reynolds number and
friction factor for smooth-walled turbulent flow (D. G.
Thomas, 1963b). Analysis of recent experimental evidence

.. A,. D. Thomas, 1983) shows that there is little likelihood\hat such a unique correlation can exist.
Before considering the velocity distribution for turbulent

non-Newtonian flow it is appropriate to outline some of the
features of non-Newtonian relationships for shear stress, o,
in terms of rate of strain, du/dy. Figure I shows the shape
of a typical curve of this type and iomenclature has been
made compatible with Dealey (19g4). As distinct from the
linear plot of a Newtonian fluid, for which o : 1 du/ dy, tii
non-Newtonian fluid does not have a constant viscosity. The
viscosity, 11, is still defined as the ratio of o to du/iy;this
represents the slope of a secant line joining the origin io any
point of interest on the curve. Another q*uantity ielated tL
v,iscosity is the slope of a tangent to the iurve of o versus
du/dy, denoted here as 1, and referred to as ,.tangent
viscosity" or "incremental viscositv,,.

Both two-parameter had three-pLameter expressions for
non-Newtonian behaviour can be found in the literature,
with the two-parameter models having a considerable ad_
vantage in simplicity. An early and well_known instance is
the Bingham-plastic model, equivalent to a linear approxi_
mation to the actual shape of thi curve linking o and'iu/cly.

The shear-stress intercept o, is called the yield stress, and
the slope ("tangent" viscosity r1,) has a constant value.
Hence, for any shear stress, o, which is greater than oo, the
velocity gradient can be obtained as

du/dy:(o-o.)/T, ...... (l)
Since the left-hand side of this equation also equals o/n, it
follows that

As an alternate to the Bingham_plastic model, the
straight-line fit can be applied to the l-ogarithms of o and
duf dy, giving the power-law formulatioi

T: T,/(l - o"f o) ...... (2)

......(3)o : K(du/dy)'

or

du/dy : (o/K;tr' (4)

L

L

I

On differentiating to obtain the tangent viscosity 11, it is
found that, for all locations on the curve

1t: n\ ... . (5)

_ In pipe flow (laminar or turbulent) the shear stress varies
linearly from zero at the centre-line to a maximum, o,, at
the pipe wall. Thus the velocity gradient, as given by nqua_
tions (1) or (4L is greatest atitre wall wher! o : o,. For
laminar flow of a Newtonian fluid, the variation of gridient
across the section gives the _well-known parabolic ielocity
profile, buj fo1 typical non-Newtonian behaviour (o, > 0 or
0 ( n ( l) the laminar profile will be somewhat tlunter,
giving a smaller average velocity for thg same conditions at
the wall. As a result the ..effeitive.' vicosity q", used to
predict the discharge by means of the formula for laminar
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Figure I - Typical non-Newtonian rheogram.

Newtonian flow, must be somewhat larger than the vis-
cosity 11 which is applicable to conditions in the immediate
vicinity of the wall (D. G. Thomas, 1963a).

For turbulent pipe flow, considerable idealization is em-
ployed, even for a Newtonian fluid (Reynolds, 1974). Thus
the flow immediately adjacent to the pipe wall (assumed

here to be hydraulically smooth) is analysed specifically as

a viscous sub-layer. This thin sub-layer accounts for a large
change in velocity because of its high strain rate, which is
based on wall shear stress and viscosity and thus resembles
the near-wall part of a laminar flow. Once the viscous sub-
layer is passed, however, the turbulent velocity profile is

much blunter than that of the laminar equivalent. The re-
duced velocity gradient is caused by turbulent momentum
interchange, which is an inertial process, not a viscous one.
Beyond the viscous sub-layer this produces an inertial layer
typified by a logarithmic velocity profile.

If, for the same wall shear stress, the Newtonian fluid is
replaced by a non-Newtonian one of the same density, major
changes in velocity gradient would not be expected in the
logarithmic zone. Also, the velocity gradient in the viscous
sub-layer can be determined readily from the wall shear
stress and the viscosity associated with this stress. If the
thickness of the viscous sub-layer is assumed to be un-
changed, then it would be expected that the friction factor
for the non-Newtonian flow would be nearly the same as

that for a Newtonian flow at the same Reynolds number,
pDv/rl.This appoach was followed by Eissenberg and
Bogue (1964) and by Edwards and Smith (1980), and their
papers will be discussed later.

In fact, experimentally-determined friction factors often
lie significantly below the Newtonian equivalents. This
would now be expressed by the statement that typical non-
Newtonian fluids have a significant drag-reduction effect.
However, in the 1960's, when much of the early work on
turbulent non-Newtonian flow was carried out, drag reduc-
tion studies were only beginning and there was no general
awareness of this phenomenon. As a result, the rheologists
of the day generally did not look to drag reduction, but
simply sought some reduced effective viscosity which
would give a larger Reynolds number and hence should
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Figure 2 - Eddy scales in turbulent flow.

produce a smaller friction factor. Their choice generally fell
on the "tangent" viscosity 11, which, as seen above, is
smaller than 1. Nevertheless, no cogent reason has ever
been adduced for the use of such a viscosity in the viscous
sub-layer (or elsewhere in the flow). Recent work (A. D.
Thomas, 1983) has shown that use of the tangent viscosity
does not lead to correct prediction of the friction factor, but
still gives overpredictions. It was also found that other at-

tempts to deal with this discrepancy (to be discussed later in
this paper) have not proved to be successful.

Drag reduction mechanisms

Better results may be sought by using what is now known
of drag reduction mechanisms. In effect, two different types

of drag reduction may occur, one affecting the logarithmic-
portion of the velocity profile and the other the thickness of
the viscous sub-layer. The first type, often described as a
changed von Karman coefficient, has been associated with
the action ofgravity on a cross-flow density gradient. In the
atmosphere this typically arises from a temperature gradient
(Webb, 1970), and in flumes it can be caused by varying
concentration of suspended sand particles (Vanoni, 1946).
The non-Newtonian fluids which are of interest here do not
exhibit detectable density gradients, and thus will not be

susceptible to this mechanism of drag reduction.
The remaining mechanism - thickening of the viscous

sub-layer - is associated with the dramatic drag reduction
obtained in aqueous flows by the addition of small quantities
of certain long-chain molecules. It appears that these sub-
stances act by increasing the size of the smallest, dissi-
pative, turbulent eddies. The phenomenon, as described by
Lumley (1913, 1978), is illustrated on Figure 2, which
graphs the distance from the wall, y, in the vertical direction
and representative eddy sizes in the horizontal direction. As
shown, the size of the largest eddies (the macro scale of

du/dy
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turbulence) is directly proportional to the distance from the
wall, while the size of the smallest eddies (the dissipative,
or Kolmogorov, scale) is known to have a non-linear re-
lation with distance from the wall, as indicated on the
figure. At large values of y the inertial macro-eddies are
much larger than the dissipative micro-eddies, and between
them is a whole range of turbulent eddy sizes, shown shaded
on Figure 2. As the wall is approached, the range of possible
eddy sizes shrinks until the size of the largest and smallest
eddies are equal, which indicates the boundary of the tur-
bulence. At this point y equals 6", the thickness (in a statis-
tical sense) of the viscous sub-layer.

The dashed line on Figure 2 shows that increasing the size
of the dissipative micro-eddies leads to an increase in the
viscous sub-layer thickness. If other quantities are un-
affected this, in turn, will produce a higher mean velocity
for the same wall shear stress, giving a lower friction factor.
The explanation for the increase in the scale of dissipative
eddies in non-Newtonian fluids lies in the nature of turbulent
dissipation. It is generally accepted that new eddies tend to
form at the macro scale, and at this size they experience very
little viscous dissipation. Smaller eddies are produced from
Iarger ones, mostly by stretching along the eddy axis

-_ 
-:nnekes and Lumley, 1972, Chapter 3). This "vortex

stretching" process not only reduces eddy size but also in-
creases angular velocities, and the combined effect results in
rapid increases in strain rates and viscous dissipation for the
smallest eddy sizes. Related to this is the concept of the
66energy cascade" by which energy introduced at the largest
eddy sizes moves from these through the inertial size ranges
to the smallest eddies, where it is dissipated.

From this description it can be seen that energy dissi-
pation in turbulent flow is not a true steady-state process.
Unlike the steady conditions found in laminar flow, and
approximated in the viscous sub-layer, turbulent flow in-
volves a series of rapid dissipative events, as eddies drop
from the inertial to the dissipative size range. There is an
analogy between these two processes in fluid mechanics and
steady-state versus dynamic loading in strength of materials.
Just as the strain energy on applying a load is determined
from the integral of the stress-strain curve (Timoshenko and
MacCullough, 1949, Chapter ll), so the typical rate of
energy dissipation of a turbulent eddy is represented by the
;-*egral of the curve of shear stress yer.s,l.r strain rate. Of

-.Jrse, for a Newtonian fluid this integral is merely the area
of a triangle, given by 0.5 o (du / dy) or 0.5 n @u / dy)z , but
for a non-Newtonian fluid the area involved will generally
be larger, as shown on Figure l The ratio of non-Newtonian
to Newtonian areas (for the same values of o and duf dy at
the upper limit) is denoted by o, and its evaluation in terms
of rheologic parameters will be dealt with later.

The increased area under the non-Newtonian curve does
not imply a greater rate of energy dissipation, since the
energy cascade dictates the energy dissipation rate which is
imposed on the smallest eddies. lnstead, the increased area
indicates that, as far as dissipative eddies are concemed, the
non-Newtonian fluid acts as if it were a Newtonian fluid
with viscosity or1 (which will give the same area under the
curve, and hence the same dissipation rate as that for the
non-Newtonian). Since the dissipation process imposes a
constant-Reynolds-number relation on the smallest eddies,
it follows that the product of eddy size and typical velocity
for these eddies will be proportionalto otnf p.

The scaling laws by which the length scale (and the veloc-
ity scale) of the micro-eddies vary within the inertial (loga-

rithmic) zone of the flow are known (Tennekes and Lumley,
1912, Chapter 5), but it is sufficient here to consider condi-
tions at the interface between the intertial layer and the
viscous sub-layer. At this point the length scales of the
largest and smallest eddies effectively coincide, as shown on
Figure 2, and the same applies to the typical velocities of
these eddies, which must be proportional to the shear veloc-
ity u*, equal to (o,lp)o'. As this typical velocity can be
considered as constant, and as it was seen that the product
of velocity and eddy size varies with a, then it follows that
the minimum eddy size for a non-Newtonian fluid is larger
than that for a Newtonian fluid (of the same 1) by the factor
cr. Based on the geometric relationship shown on Figure 2,
it can be seen directly that the same factor applies to the
thickness of the viscous sub-layer, 6,.

Effect on velocity

Next, it is necessary to determine the effect of the
thickened viscous sub-layer on the velocity profile. For this
purpose the transition, or buffer layer, between the viscous
sub-layer and the logarithmic zone need not be considered;
instead the usual engineering approximation will be made,
assuming that the linear profile of the viscous sub-layer
meets the logarithmic profile where y : E, (Reynold s , 197 4 ,
Chapter 4). Within the viscous sub-layer conditions are
taken as essentially steady-state, so that the viscosity 11,

evaluated at o : o, is appropriate for a non-Newtonian
fluid, and the velocity distribution, both Newtonian and
non-Newtonian, is given by

u/u*:pu*t/T .. (6)

The intercept with the logarithmic profile (at y, : 6 and
u : u,) is given, for the Newtonian case, by u,f u*: ll.6
and 6, : ll.6 1/ pu*. For the non-Newtonian case, with its
thickened viscous sub-layer, 11.6 must be replaced by
I 1.6ct.

In the logarithmic zone the general form of the velocity
profile is given by

u/u*:2.5 ln (y/6,) * u"f u* .... (1)

where 2.5 is the inverse of the von Karman coefficient.
Substitution of u, f u * : I I .6 and the value given above for
6, yields the classic expression for the Newtonian case

u/u*:2.51n(pu*y/rt)+5.5 ....(8)
For the non-Newtonian case this becomes

u/u*: 2.5Ln (pu*y/rr) + 5.5 + 11.6(ct - 1)

-2.5 ln(ct) ....(9)
Since the area ratio ct (like the viscosity r;) is evaluated for
a : o*, the last two terms of Equation (9) will be constant
throughout the pipe, and thus their contribution to the veloc-
ity ratio u/u* will apply equally ro the rario of the through-
put velocity V to u*. (Any constant velocity increase in the
logarithmic zone will produce an equal increase in the core,
or velocity-defect zone, and the viscous sub-layer comprises
such a minute portion of the total area that variations here
have no influence on the throughput velocity.)

The velocity V7,, represents the mean velocity for equiv-
alent Newtonian flow, i.e. flow with the same o, for a
Newtonian fluid with I corresponding to the non-
Newtonian value at o : o,. A final term, denoted here by
O, should be included to repr:,sj,nt tfe 

lffect 
on mean veloc-
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Figure 3 - Friction-factor prediction for power-law fluids.

ity, if any, of possible blunting of the velocity profile in the
logarithmic or core regions of the flow. This gives the
expression

V/u*:V11f u*-t 11.6(a - 1) - 2'5ln ct - O .. (10)

As the flow in the logarithmic and core regions is governed
by inertia, not viscosity, non-Newtonian viscosity per se

should have virtually no effect here, implying a zero value
for O. However, non-Newtonians with a yield stress will
have a velocity profile with a flattened core, and in this case
O will be greater than zero and should depend on o, /o, (for
convenience this ratio will be denoted by O. One reasonable
way of approximating this effect is to assume that the loga-
rithmic profile Equation (9) extends inwards only until the
radius at which o : oo is reached. From there to the cen-
treline, the velocity is assumed to remain constant. For such
a profile it can be shown that

O: -2.51n(l - 0-z.s €(1 +0.s€) (l l)

An alternate evaluation based on a parabolic velocity-defect
law near the pipe centreline (Reynolds, 1974, p. 138) gave
a different form for the expression for O, but did not differ
significantly in numerical value throughout the expected
range of (. It can be seen that for any fluid with o,, : 0,
Equation (ll) gives O : 0, as expected. (For a Newtonian
fluid it is also the case that a : 1.00, so that all terms but
the first drop from the right-hand side of Equation (10).)

Substitution of Equation (11) into Equation (10) gives a

relationship of a general nature, which can readily be ap-
plied to those problems for which the wall shear stress o, is
known in advance. The area ratio a can, if necessary, be
determined directly from the curve of shear stress yersas

shear rate; using the upper limit associated with the wall
shear stress o,, which is appropriate since the typical eddy
velocity is a* or (r*/p)" . As the ratio V f u* equals (8lf)o',
where/is the Stanton-Moody friction factor, the process
just described is equivalent to evaluating the friction factor.

For the particular case of the power law fluid discussed
previously, it can be shown that cr equals 2/(l + n), irre-
spective of the location of the upper limit for integration,
and likewise O : 0. It follows that, for the power law fluid,
Equation (10) can be rewritten as

V/u*: V7,1f u*-t 11.6(l - n)/(l + n)

o.t
o.o8

o.o

o. o4

tot roo io'
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Figure 4 
- Comparison with Dodge-Metzner (1959) correlatio"

for power-law fluids.

Figure 3, which displays f versus Re (Re : pDVln,
where 1 is evaluated at the wall shear stress), gives a more
direct indication of the differences between Newtonian (n :
l) and non-Newtonian (n * l) behaviour which are implied
in Equation (12). In constructing this figure, Vpf u*hasbeen
evaluated using the smooth-wall expression which can be
written

Vr/u*:2.51n(pDu*lri.. .....(13)
and the turbulent-flow lines have been terminated where
they intercept the appropriate laminar-flow line. Figure 3
shows clearly that the predicted friction factor for turbulent
flow of power-law fluids with n < I will be less than that
for a Newtonian fluid at the same Reynolds number Re.

As data from experiments on non-Newtonian flow are

often correlated using the Bingham-plastic equation, it is
also important to express Equation (10) in terms of the. .-
Bingham parameters. It can easily be shown that (cr - ' 1

equals oo/o,, or {. When this, in combination with Equ.-
tion (11), is substituted into Equation (10) a solution can be
obtained without difficulty in cases where o, is known in
advance. For other cases it is desirable to recast the equation
in terms of two dimensionless parameters, the "plastic"
shear Reynolds number Re* : pDu*11, and the Hedstrom
number 11e- : pD'o"hf . Using these parameters, the ratio
oof o* is expressed as He/Rei2. The Newtonian velocity
ratio Vlqf u* of Equation (12) is then rewritten as

Vr/u*: Z.Sln(Reil,h) ......(14)
or, using Equation (2), and with { : o,/o,

Vrlu*: 2.5 ln Rei + 2.5Ln (1 - €) . . . (15)

Combining Equations (10), (ll) and (15) gives, for the
Bingham-plastic formulation [for which (cr - l) : €]

LAM]NAR LINE
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1- 2.5 ln l(l + n)/2) . . . (12) In this form of the equation, the term in Rei can be thought



of asrepresentingthe"Newtonian" valueof Vf u*. Whenthe
sum of the remaining terms was plotted against (, a max-
imum value of approximately 3.2 was found at ( of about
0.65. It follows that, for a particular value of Rei, the
largest Vf u*is given by

V/u*:2.5 ln(Rei)+3.2. . .(17)
This is so provided that ( : 0.65 is included in the portion
of the constant-Hedstrom curve to the right of the laminar-
turbulent intercept, which is the case for all He > 4.5 x 10s
(corresponding to Rei > 830 and pDVf1, > 1.7 x 104).
The right limb of the envelope on the diagram of friction
factor versus plastic Reynolds number has been plotted on
this basis on Figure 5. For smaller values of He the envelope
can be based on the intercept of the turbulent expression
given above and the well known laminar expression

v/u* = t3 - €(4 - (3)lRei/24 .... .... (18)

Points obtained at this intercept were used to plot the left
limb of the envelope shown on Figure 5.

Comparison with experimental data and earlier theories

- The theory just presented is applicable to all purely vis-
cous fluids (Category I of Metzner, 196l), and it is not
necessary to fit a rheological model since the area under the
flow curve can, if necessary, be evaluated numerically.
However the fitting of a model will often be convenient and
the most common models - power-law and Bingham-
plastic - will be used below in comparing the existing
corpus of experimental results with the predictions of the
new theory which has been developed above. Although
three-parameter models such as the yield-power-law and the
Powell-Eyring, together with more unusual two-parameter
models such as the Casson, appear suitable for analysis by
the new theory, discussion of these models will not be
undertaken here. In addition, it should be noted that the
theory cannot be applied immediately to suspensions con-
taining coarse particles, for which additional effects must be
taken into account (A. D. Thomas, 1983).

Powgn-law MoDEL

For power law fluids the classic work of Dodge and
\4etzner (1959) provides a valuable datum for comparison.
Figure 4 shows a plot of friction factor versus the Metzner-
Reed (1955) Reynolds number Re', given by

p"' : pD'VQ n)/ktg(il-|) .. (19)

where t' = Kf(3n + t)l4nl'.
The full lines on Figure 4 indicate the predictions using

the new theory and the dashed lined are plots of Dodge and
Metzner's empirical correlation formulas. Significant agree-
ment is evident, with both sets of curves roughly paralleling
the Newtonian line (n : 1.0) but showing increasing devi-
ation below that line with decreasing n.

The predictions of the new analysis fall 5 to 15 percent
below the Dodge and Metzner (1959) correlations, and are
rather similar to the formulations of Clapp (1961) and
Torrance (1963), both of which fall some l57o below Dodge
and Metzners' for n = 0.6 and some20Vo below for n : 0.4,
based on a range of Reynolds number from 10a to 105.

The alternate presentation of new analysis shown on Fig-
ure 3 uses the secant viscosity based on the prevailing wall
shear stress. It was noted previously that Eissenberg and

Bogue (1964) and Edwards and Smith ( 1980) also used the
secant viscosity. For mildly non-Newtonian fluids (n >
0.89) they found that this approach generally resulted in
velocity profiles and friction factors identical to the New-
tonian values, whereas for more highly non-Newtonian
fluids (n < 0.89) this agreement was generally not found.
These authors postulated the existence of some wall-slip or
drag-reduction effect, but did not attempt to analyze the
mechanism involved. It will now be shown how most of
these apparent anomalies can be explained by the new
analysis.

On considering Figure 3 it is seen that for r > 0.89 the
predicted friction factors fall below the Newtonian value,
but the divergence is no more than 6 or 7 percent. Experi-
mental uncertainty would often be of this order, and it is
understandable that the Newtonian value could be assumed
to apply. The results obtained by Eissenberg and Bogue
(1964) for their high concentration thoria suspensions can be
dealt with next. For these slurries the measured turbulent
velocity profiles indicate V/a* consistently exceeding the
Newtonian value by abolt 2.4 (see their Figure 6). The
laminar flow curves for these slurries can be approximated
by a power law with n: 0.66, for which Equations (10) and
(ll) predict a constant increase in turbulent V/u*by 1.91 .

In view of the considerable scatter of the data this can be
considered as essential agreement with the measured in-
crease. Similarly, the observed friction factors which were
some l57o less than the Newtonian line are in good agree-
ment with the l87o reduction predicted by the new analysis'(see 

Figure 3).
The apparently anomalous data of other authors cited by

Edwards and Smith (1980) are likewise explained. Thus the
data from Shaver (1957), with n : 0.78 fell some 15 percent
below the Newtonian friction factor line, which is in excel-
lent agreement with present predictions. Similarly Dodge's
(1961) data for 0.2V0 andO.3Va carbopol (z : 0.726) and
n: 0.611) which fell respectively some 5Vo and l87o below
the Newtonian line are in reasonable agreement with present
predictions (167o and 237o).

In summary, it can be concluded that the new analysis
provides an adequate prediction of the behaviour of power-
law fluids.

Bncnetr-pLesrrc MoDEL

For the Bingham model the predictions have been given
in Figure 5 as friction factor versus Reynolds number based
on the plastic viscosity, and with the Hedstrom number, He,
as parameter. The first thing to note is that the theory pre-
dicts a maximum deviation below the Newtonian line of
between 15 and 25Vo, occuning at or shortly after laminar-
turbulent transition. Thereafter the predicted curve ap-
proaches the Newtonian line, effectively reaching it at a
Reynolds number some five times the transition value. This
rather rapid convergence to the Newtonian line is in very
close agreement with the prediction of Tomita (1959 , 196l) ,
and the data given by Bain and Bonnington (1970) for chalk
slurries show similar behaviour (see Figure 5).

The same trend has also been found in a sizeable body of
suspension data which has been analysed, not as a Bingham
plastic, but as a power-law fluid. For example, Metzner and
Reed (1955) show data for a variety of suspensions for
which the friction factor virtually joins the Newtonian line
at a generalized Reynolds number about 3.5 to 5.5 times the
laminar-turbulent transition value. Similarly, Kemblowski
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bears a slight similarity to the "extended transition" region
predicted by Hanks and Dadia (191 l) for Hedstrom numbers

in e*cess of about 5 x 105. However the behaviour which
they predict is significantly different, showing the beginning
of deviation from the laminar line at friction factors well
above the Newtonian turbulent line, as shown on Figure 6.

It should be noted that the data plotted on Figure 6 do not

show this type of transition region. Mishra and Tripathi
(1971) had already remarked on the discrepancy between

Hanks' theory and published data. It is also significant
that Bowen (1961), who considered both power law anC

Bingham plastics, concluded that no significant transitior--

zone existed for Bingham plastics.
The predicted change in behaviour at He : 4'5 x 10) is

partly substantiated by the data of D. G. Thomas (1960,

1962) who correlated data from a number of different slur-
ries tested in pipes from 3 to 26 mm in diameter. He found

' differing behaviour for yield stress values above and below
25 Pa. For slurries having yield stress below 25 Pa the

friction factor-Reynolds number plot converged towards

the Newtonian line whilst for high-yield-stress slurries it
diverged. Using typical values of density and plastic vis-
cosity for his 25 Pa slurry, the relevant Hedstrom numbers

for the pipe sizes of these experiments are found to range

from I x 104 to 1 x 106. These limits encompass the value

of 4.5 x 105 at which the new analysis predicts a behaviour
change, and thus it appears that the present analysis can

explain the change in behaviour observed by D. G. Thomas
(1960,1962).

Another feature of Hanks and Dadia's (1971) theory
which is not in agreement with the new theory is the pre-

dicted effect of Hedstrom number on the shape of the curv
of friction factor versus plastic Reynolds number. As noteir
previously, their theory predicts a turbulent friction factor
relation which becomes parallel to the Newtonian line at

Reynolds numbers larger than the transition range. For a

Hedstrom number of 103 their prediction (for large Reynolds

number) lies some 40Vo below the Newtonian line, but the

predicted difference decreases with increasing Hedstrom
number, and for He : 106 their prediction coincides with the

Newtonian line. The original prediction indicated a further
rise of / above the Newtonian line at higher Hedstrom

numbers, but more recently Hanks (1978) reappraised the

data used and modified the theory to give friction factors

below the Newtonian line for all values of He. The new

analysis that has been presented above does not predict any

equivalent rise with increasing He, and although A. D.
Thomas (1983) has shown that available data indicate a

slight effect when the change in He is due to a change in pipe

diameter, as seen for the kaolin data on Figure 5, the data

do not correspond to Hanks' (1978) prediction. It was noted

by Lumley (1913, p. 270) that a similar diameter effect is
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Figure 6 - Comparison with data for limestone in 206 mm pipe

and Kolodziejski (1973) presented data for a 307o kaoltn
suspension which indicate a sevenfold increase between
transition velocity and that required to reach the Newtonian
line. All these sets of data are in good accord with the
predictions of the new analysis.

The theory of Hanks and Dadia (1971) predicts a different
pattem with the Bingham line nearly paralleling the New-
tonian line, and other experimental data, e.g. Caldwell and

Babbitt (1941), Wilhelm et al. (1939), D. G. Thomas
(1960, 1962) and A. D. Thomas (1981) show the same

trend. (The data of the latter for a kaolin clay slurry in 1 .2,
19 and 105 mm pipes is shown in Figure 5.) The existence
of two populations differing in behaviour implies that more
detailed analysis is needed, possibly requiring a three-
parameter rheologic model. This problem will be addressed

in the near future.
Another feature of the present theory is, as previously

discussed, the different behaviour_predicted for Hedstrom
numbers above and below 4.5 x l0r. Below this value of He

the predicted friction factor for turbulent flow shows a mo-
notonous approach towards the Newtonian line with in-
creasing Reynolds number. For He > 4.5 x 10s the pre-

dicted initial trend following the transition to turbulence is
to drop away from the Newtonian line until a maximum
deviation is reached (at ( : 0.65) whence the trend alters,
move back up toward the Newtonian line. This behaviour



found in dilute polymer flow, where it may be associated
. with a time scale ratio.

Although all examples presented above have assumed
smooth-wall turbulent flow, this is not required by the
present analysis since the effect of wall roughness (in the
transition zone between the smooth and fully rough cases)
can be incorporated in the first term of Equation (10). It is
of interest to note the effect of wall roughness on some
results for a minus 300 micron limestone slurry.r These
data, for a 206 mm pipe, are shown in Figure 6. This
particular slurry fitted the Bingham model with a yield stress
of '1.92 Pa and a plastic viscosiry of 14.1 mpas. The predic-
tion of the present theory with a smooth-pipe assumption is
seen to lie well below the data. However tests with water
revealed a relative roughness for this pipe of 0.00079 which,
in this Reynolds number range, puts the water friction factor
some l2Vo above the smooth pipe value. Increasing the
smooth pipe value by the appropriate ratio results ii the
predicted "rough wall" curve shown. Agreement is now
within about 8Vo, and the data are seen to follow a trend very
similar to that of the predicted curve. For comparison, the
Hanks' (1978) prediction for this Hedstrom number (2.16 x
106) is shown with the pronounced '.extended transition',

-.egion 
evident. As with the data shown on Figure 5, these

data do not follow Hanks' prediction.
Although there is lack of complete agreement both be-

tween different theories and between different sets of data
which have been fitted to the Bingham model, the new
analysis appears to explain a numbei of experimentally ob-
served phenomena which occur with Bingham fluids. The
remaining problem 

- why some data are seen to converge
rather rapidly towards the Newtonian line as predicted by
the theory whilst other data tend to lie parallel 

- may
require consideration oftime-dependent effects or the use of
three-parameter rheologic models. This matter will be ad-
dressed in the near future.

Conclusions

A new analysis has been developed for the turbulent pipe
flow of any viscous non-Newtonian fluid. It is based on
velocity profile alteration (drag reduction) associated with
thickening of the viscous sub layer, and the flow parameters

_-_rn be determined directly from rheograms, without pipe-
flow data. It has been shown to give a good description of
flows of fluids with both power-law and Bingham behaviour
and to explain a number of peculiarities of such flows. The
authors recommend its use for non-Newtonian fluids and
colloidal suspensions.

Nomenclature

D : internal diameter of pipe, m
f : Stanton-Moody friction factor
He : Hedstrom number (He : pDzo"/11)
K : coefficient in power-law model (see Equation (3))
k' = coefficient in Equation (19) (t' : Klen + t)/4n1,,)
n : exponent in power-law model
Re : Reynolds number (Re : pDV/1)
Re' : Metzner-Reed Reynolds number (see Equation (13))
Rei : "plastic" shear Reynolds number (Rei : pDa*h,)

rProprietary 
data of Slurry Sysrems pry. Ltd., North Sydney, Australia.

z : velocity, m/s
z : time-averaged velocity at a point, m/s
u,, : velocity at edge of viscous sub-layer (time averaged), m/s
il* : shear velocity 1u* : (o,,/p)n')
V : throughput velocify (discharge/pipe area), m/s
VN : throughput velocity for equivalent Newtonian flow, m/s
y : distance from boundary, m

Greek letters

a : ratio of rheogram areas: non-Newtonian/Newtonian
6,, : thickness of viscous sub-layer, m
q : viscosity (r1 = ol(duldy)), pa.s
rl. : "effective" viscosity based on equivalent laminar New-

tonian flow, Pa.s
rlr : "tangent" or "incremental" viscosity, Pa.s
{ : stress ratio (( : a"/o*)
p : fluid density, kg/m3
o : shear stress, Pa
o,, : yield stress, Pa
a'9 : shear stress at pipe wall, Pa
O : term in dimensionless throughput velocity equation (see

Equations (10), (11))
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