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The writers, new analysis of non-Newtonian turbulent flow is extended to the yield-power-law model' As the value

of the exponent of the yield-power law decreases from unity, the calculated friction factbr begins by converging toward

the Newtonian line at high velocity, then parallels it, and nnaity diverges downward' This prediction agrees with previously

L,analyse originale, qug font les auteurs, de l'6coulement turbulent non-newtonien est 6tendue au moddle de la loi

de puissance avec seuil. A mesure que la valeur de I'exposan, d. tu loi de puissance avec seuil d6croit h partir de la

valeur un, le facteur de friction ca1cu16 cofirmence pu, "offi* 
,.., la droite newtonienne ir haute vitesse' puis suit

paralldlement cette ligne pour rnur"*"ni-olu"rg"i ,".. t" 6us. cette pr6diction est en accord avec des r6sultats

exp6rimentaux qui n'ont pu Otre expliqu6s ant6rieurement'
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T n a recent paper (Wilson and Thomas, 1985) a new anal-

I yri, of the turbulent flow of non-Newtonian fluids was

pr.r.nt.O. Based on enhanced micro-scale viscosity effects,

ifr. urufyris predicts a thickened viscous sub-layer, with con-

r.qr"riircreased throughput velocity and-reduced friction

fa&or. The analysis indicites that the thickness of the vis-

.ou, ,uU-tayer ii proportional to the area ratio cu, defined

as the ratio of the arei under the non-Newtonian rheogram

to that for a Newtonian fluid with the same strain rate and

wall shear stress. As these areas can be obtained from the

,h.ogru- there is no necessity for a rheological model to

be fiited. However, a model is often convenient, especially

when extrapolation of the rheogram is necessary. In the pre-

nio"t pup.i the theory was applieq !o two-parameter formu-

lationi - the po*".-iu* and ttte Bingham-plastic model. It
is now extended to a three-parameter case - the yield-power-

law model (Also known is the Herschel-Bulkley model).

Application of the analysis to the yield-power-law model

The equation which defines yield-power-law rheological

behaviour is

fluid. On the other hand, fot oo: 0 it reduces to cx :
it(i * 1), which is the relation for a power-law fluid'
- 

The effectof the predicted thickening of the viscols sub-

layer with cv is to increase the throughput velocity v (for a

;'r;, shear velocity u*). ,T!it effect is expressed by

Equation (10) of Wilson'and Thomas (1985)

Vlu*: V7,lu* + 11 '6(a - l) - 2'5 ln cx -O (3)

In this equation I/Iu, represents the throughput velocity for an

equivalent Newtonian flow, i'e' flow with the same wall

shearStreSS,o*,foraNewtonianfluidwithviscosity4
*t i.t .o.r.rponds to the non-Newtonian value at shear stress

o : o*.It should be noted that 4 is the o'secant" viscosity,

i.". ,2 ol(duldy)' The area ratio cv' now calculated by

Equation (2), is also evaluated at o : ow'

The final term, O, of Equation (3) gives the effect on

throughput velocity of any Llunling of the velocity. profile

in the"core of the flow caused by the presence of a yield stress

in non-Newtonian fluids. It was proposed (Wilson and

iho_ur, 1gg5) that 0 depends only on the stress ratio {, and

.un ..uronably be approximated by the expression

0 - -25tn (1 - €) - 2.st(1 + 0's€) " (4)

Note that the plus sign in this equation wrongly appeared

as a minus sign in Wilson and Thomas (1985)'

Comparison with experimental results

Figure t shows laminar-flow rheogtlm: for.kaolin clay

slurrLs (Thomas, 1981), based on data obtained ina7 '2 mm

diameter tube visco*.t"t by Tuft (1977). As noted by

Thomas (1978), other tests in this tube viscometer using clays

from the same source showed excellent agreement with

o:oo*k (#) (1)

where o is shear stress, o, is yield shear stress and duldy

is velocity gradient. For this model it is found that the area

ratio a is given bY

a :2(l + tn)l(l + n) ' Q)

where | : orlo*' with oul representing the shear stress at

the pipe wall."tt can be seen tiat when n : l, Equation (2)

reducls to a : 1 + t, which is the relation for a Bingham
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Figure 1 - Rheograms for kaolin slurries at various
concentrations.

laminar flow data from recirculating pipe systems with
internal diameter 18.9 mm and 105 mm. Specifically there
was no indication of the "slip" effects sometimes reported
for rheological tests of clay slurries. In the previous paper
(Wilson and Thomas, 1985) the slurry with 7.5 % clay was
analysed as a Bingham plastic (n : 1.0), but it can be seen
that a yield-power-law model with n : 0.875 fits the data
better. (Correlation coefficient 0.9983 cf. 0.9971 for a
Bingham model.)

Figure 2 shows turbulent-flow behaviour predicted by
Equation (3) for the 7.5 % kaolin slurry in two pipe sizes,
18.9 mm and 105 mm. The experimental data obtained by
Thomas (1981) for these pipe sizes have also been plotted
on the figure. The Reynolds number used for this figure is
based on the viscosity tl, evaluated at o : o.. The
turbulent-flow data are in better agreement with the yield-
power-law prediction, fr : 0.875, than with the prediction
of the Bingham model. Note that for such a value of n the
yield-power-law prediction shows less rapid convergence
towards the Newtonian line than does the Bingham (n : 1)
prediction.

It was noted above
7.5% concentration by

336

that for the kaolin clay slurry at
volume, a yield-power-law model
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Figure 2 - Turbulent-flow friction factor for slurry of 7.5 percent
kaolin.
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Figure 3 - Turbulent-flow friction factors for slurries of 3.56 and
8.95 percent kaolin in 105 mm pipe.

with n : 0.0875 is most appropriate. The same material
was tested at other concentrations by Tuft (1977), and
Figure 1 also shows plots based on his tube viscometer data
for concentrations 9.87o, and 3.8%. The yield-power-law
curves for these slurries which are shown on Figure 1

represent the best fit as determined by linear regression (with
the value of n selected at intervals of 0.01). It can be seen
that the concentration affects the parameters of the yield-
power-law, with the best-fit value of n decreasing with
increasing concentration; and it is suggested that this
behaviour is typical of many slurries.

Slurries of the same kaolin clay were tested by Thomas
(1977) at a number of different concentrations in the 105 mm
pipe with turbulent flow conditions. Figure 3 shows the pre-
dictions of the present theory for two concentrations -
3.56% and 8.95 % by volume. The appropriate yield-power-
law parameters were found by interpolation from the three
values already discussed in connection with Figure 1. Also
shown, as dashed lines, are the predictions of the present
theory using the Bingham model. For the lower concentration
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Figure 4 - Predicted turbulent-flow friction factors for numerical
example.

slurry the predictions using the yield-power-law and the Bin-
gham models are similar - both showing a maximum error
of about 6%.ln the case of the higher-concentration slurry
the difference between the two predictions is more
pronounced, with the yield-power-law prediction following
the data more closely, having a maximum error around I0%.
It can be seen that the lower-concentration data tend to con-
verge to the Newtonian line with increasing Reynolds
number, whereas for the higher-concentration slurries the
trend of the data remains significantly below the Newtonian
line, approximately paralleling it. If the friction factor is
plotted against the plastic Reynolds number (based on the
"tangent" viscosity 4r), the difference in trends between the
two concentrations becomes even more evident.

The nature of the trends can best be shown by numerical
example. Suppose for this purpose that the rheogram for
some non-Newtonian material has been obtained for a limited
range of strain rate, say near duld,) : 1000 s-1, for which
o : 10 Pa and the "tangent" viscosiry ,t,: 0.0040 Pa . s.
A series of yield-power-law rheologic relations can be fitted
to these data, corresponding to various values of n in Equa-
tion (1). For this type of problem, once n has been selected
the corresponding values of k and oo can be calculated. The
meaningful range of n in this case is from unity (Bingham
plastic with o, : 6.0 Pa) to n : 0.4 (power-law fluid with
oo of zero).

With the limited data postulated above, a material of ttris
type would probably be treated as a Bingham plastic, using
the plastic Reynolds number pVDlrl,based on the value of
ntnear duldy: 1000 s-1. For p : 1100 kgim3, andusing
D : 0.100 m, the results are shown on Figure 4, which is
a plot of turbulent-flow friction factor yersus the plastic
Reynolds number. As expected, the Bingham-plastic line
(calculated according to the present theory and marked
n : L.0 on the figure) lies below the line of Newtonian
behaviour, but rises rapidly to converge with the Newtonian
line. If, however, the assumed Bingham relation is not the
true one, and the actual value of n is significantly less than
1.0, the predicted behaviour is different, as shown on Figure
4. Note that the lines for the various values of n pass through
a common point on the figure, and diverge to the right of
this point. The prediction for n : 0.8 lies approximately
parallel to the Newtonian line, whilst that for n : 0.6 (and

for n : 0.4, corresponding to the power law for the present
example) diverge downward with increasing plastic Reynolds
number (as before, the plastic Reynolds number is based on
the "observed" tangent viscosity of 0.0040 Pa . s).

It may be noted in particular that for n : 0.8 the curva-
ture of the rheogram is modest, and the yield stress oo of
5.0 Pa is not greatly different from the "Bingham" value
of 6.0 Pa. In such a case the approximation using the
Bingham model would normally appear quite appropriate,
but the present analysis shows that the behaviour of the
turbulent-flow friction factor could be strongly affected. As
noted previously, the exponent n of the yield-power-law rheo-
gram has a tendency to increase with increasing solids
concentration. The analysis indicates that this would result
in a change of behaviour with increasing concentration -
from converging towards the Newtonian line to paralleling
it, or even diverging. This prediction is in full accord with
the behaviour noted above in connection with Figure 3.
Agreement is also found in the work of D. G. Thomas
(1963), who noted a similar change in behaviour with
increasing concentration for slurries of kaolin and thorium
oxide, including downward divergence from the Newtonian
line in some cases.

It would appear that an answer has now been provided to
the question raised in the previous paper (Wilson and
Thomas, 1985), as to why data for some slurries with a yield
point tend to converge towards the Newtonian line whilst
other data more nearly parallel it. It is now seen that at low
concentrations the Bingham model is reasonably appropriate
(with consequent convergence towards the Newtonian line),
but as the concentration is increased the advantages of
yield-power-law model become more significant.

Conclusion

The recent theory of Wilson and Thomas (1985) has been
extended to the case of the yield-power-law model. The
predictions using this model show a change in behaviour as

the exponent n decreases. For n = 1.0 the plot of friction
factor versus plastic Reynolds number converges towards the
Newtonian line, but as n is decreased to around 0.8 the
predicted curve lies below the Newtonian line and essentially
parallel to it. Further loweringof n causes divergence down-
ward from the Newtonian line. For the clay slurries tested
it was shown that n decreases as the solids concentration is
increased. This implies that the predicted change in turbu-
lent behaviour - from convergence through paralleling to
eventual divergence - will take place as the concentration
of solids is increased.

This behavioural characteristic also explains the pheno-
menon mentioned in the earlier paper whereby the turbulent-
flow friction factor of some "Bingham" slurries converges
towards the Newtonian line whilst that of others more nearly
parallels the Newtonian line. The converging behaviour
would now appear to be exhibited by low-concentration or
weakly non-Newtonian slurries which are close to true
Bingham plastics. The diverging behaviour is shown by
higher-concentration, strongly non-Newtonian slurries, for
which the yield-power-law analysis is superior.

Nomenclature

C : volumetric concentration of solids in slurry (percent)
D : internal diameter of pipe, m
duldy : velocity gradient (shear rate), s-r

E

to'
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k:
n:
Re:
u:
u:*V:
VN:
v:

tl

\t
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ow

0

Stanton-Moody friction factor
coefficient in yield-power-law model (see Equation (1))
exponent in yield-power-law model (see Equation (1))
Reynolds Number (Re : pDVlq)
velocity, m/s
shear velocity (u* : tl@,lp)), m/s
throughput velocity (discharge/pipe area), m/s
throughput velocity for equivalent Newtonian flow, m/s
distance from boundary, m

Greek symbols

a : ratio of Rheogram areas: non-Newtonian/Newtonian
: viscosity (n : ol(duldy)), Pa . s

: "tangent" viscosity, Pa . s

: stress ratio (t : oolo*)^
: density of slurry, kg/m'
: shear stress, Pa
: yield shear stress, Pa

shear stress at pipe wall, Pa

term in dimensionless velocity equation (see Equations
(3), (4))
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